We study the approximate analytical solutions of the Dirac equation for the generalized WoodsSaxon potential with the pseudo-centrifugal term. In the framework of the spin and pseudospin symmetry concept, the approximately analytical bound state energy eigenvalues and the corresponding upper-and lower-spinor components of the two Dirac particles are obtained, in closed form, by means of the Nikiforov-Uvarov method which is based on solving the second-order linear differential equation by reducing it to a generalized equation of hypergeometric type. The special cases κ = ±1 (l = l = 0, s-wave) and the non-relativistic limit can be reached easily and directly for the generalized and standard Woods-Saxon potentials. Also, the non-relativistic results are compared with the other works.
I. INTRODUCTION
particle motion in atomic nuclei has been explained quite well, the relativistic effects for a particle under the action of this potential are more important, especially for a strong-coupling system. Berkdemir et al [22] obtained the bound-state solution of the 1D Schrödinger equation for the generalized WS potential by means of the NU method. We investigated the bound-state solutions of the 1D KG equation with real and complex forms of the generalized WS potential [12] . Kennedy [23] obtained the scattering and bound-state solutions of the one-dimensional Dirac equation for the WS potential. Guo and Sheng [24] solved exactly the s( s)-wave Dirac equation (l = 0, i.e., κ = −1 for spin and κ = 1 for pseudospin symmetry) for a single particle with spin and pseudospin symmetry moving in a central WS potential. They obtained the energy spectra of the bound-states and the corresponding wave functions for the two-component spinor in terms of the hypergeometric functions. Alhaidari has developed a new two-component approach in the case of three-dimensional Dirac equation for the spherically symmetric potential and solved a class of shape-invariant Morse, Rosen-Morse, Eckart, Pöschl-Teller and Scarf, potentials and given their rlativistic bound-state spectra and spinor wave functions [25] [26] [27] . Guo et al followed Alhaidari's approach and discussed the Dirac equation with WS and Hulthén potentials for spherical system and given their bound-state spectra and the spinor wave functions for s-states [28, 29] .
For the more realistic nuclear system where the nucleons are described in the relativistic mean field with the attractive S( − → r ) and repulsive vector V ( − → r ) potential, although some numerical techniques have been developed to Dirac equation, any analytic solution has not still been obtained for the Dirac-WS problem. In the special cases of spin symmetry (∆ = V − S = A =constant) and pseudospin symmetry (Σ = V + S = A =constant), Ginocchio et al solved triaxial, axial and spherical harmonic oscillators for the case ∆ = 0 and applied it to the study of antinucleons embedded in nuclei [30] . Lisboa et al studied the generalized relativistic harmonic oscillator for spin 1/2 particles and obtained the analytic solutions for bound states of the corresponding Dirac equations by setting A = 0 [31] . Very recently, Ikhdair [32] studied the exact solution of the spatially dependent Dirac equation with the Rosen-Morse potential for arbitrary spin-orbit quantum number κ. Under the conditions of the spin symmetry S ∼ V and pseudospin symmetry S ∼ −V , the bound state energy eigenvalues and corresponding upper-and lower-spinor wave functions are investigated in the framework of the NU method. Furthermore, We have solved the constant mass KG equation for the Eckart potential [32] and the spatially-dependent mass KG equation for the Coulomb-like potential [33] and obtained the bound-state solutions of the energy eigenvalues and wavefunctions.
In this work, we will solve the (3+1) dimensional Dirac equation for a particle trapped in the spherically symmetric generalized WS potential under the conditions of exact spin and pseudospin symmetry combined with approximation for the centrifugal and pseudocentrifugal terms, and give the two-component spinor wavefunctions and the energy spectra for any arbitrary spin-orbit κ bound states. The NU method [34] is used in the calculations.
For the 1D case, upon changing the values of the potential parameters from real to pure imaginary, we obtain Hamiltonians that may or may not be PT -symmetric. In addition, the spinor wavefunctions and the energy spectra of s-wave (κ = ±1) bound states and the nonrelativistic limit are also discussed for the generalized and for a special case of the standard WS potential.
The paper is structured as follows: In sect. 2, we outline the NU method and derive a parametric generalization version. Section 3 is devoted for the exact analytic bound state energy eigenvalues and two lower-and upper-spinor components wave functions of the Dirac equation with generalized WS quantum system obtained by means of the NU method. The spin symmetry and pseudo-spin symmetry solutions are investigated using the NU method.
In sect. 4, we study the cases κ = ±1 (l = l = 0, s-wave) and the non-relativistic limit and compare with other wave equations and models. Finally, the relevant conclusions are given in sect. 5.
II. THE NIKIFOROV-UVAROV METHOD
The NU method has been used to solve the Schrödinger [19] , KG [20, 33] and Dirac [28, 32] wave equations for central and non-central potentials. Let us briefly outline the basic concepts of the method [34] . This method was proposed to solve the second-order linear differential equation of the hypergeometric-type:
where the prime denotes the differentiation with respect to z, σ(z) and σ(z) are analytic polynomials, at most of second-degree, and τ (s) is of a first-degree polynomial. Let us discuss the exact particular solution of Eq. (1) by choosing
resulting in a hypergeometric type equation of the form:
The first part y n (z) is the hypergeometric-type function whose polynomial solutions are given by the Rodrigues relation
where A n is a normalization factor and ρ(z) is the weight function satisfying the condition
with
Since ρ(z) > 0 and σ(z) > 0, the derivative of τ (z) has to be negative for bound states [32] [33] [34] which is the main essential condition for any choice of particular solution. The other part of the wave function is defined as a logarithmic derivative
where
The determination of k is the key point in the calculation of π(z), for which the discriminant of the square root in the last equation is set to zero. This results in the polynomial π(z)
which is dependent on the transformation function z(r). Also, the parameter λ defined in Eq. (9) takes the form
At the end, the energy equation and consequently it's eigenvalues can be obtained by comparing Eqs. (9) and (10).
Let us now construct a parametric generalization of the NU method valid for any central and non-central exponential-type potential. Comparing the following generalized hypergeometric equation
with Eq. (1), we obtain
where the parameters c j and B j (j = 1, 2, 3) are to be determined during the solution procedure. Thus, by following the method, we may obtain all the analytic polynomials and their relevant constants necessary for the solution of a radial wave equation. These analytic expressions are cited in Appendix A.
III. SOLUTIONS OF THE DIRAC-GENERALIZED WS PROBLEM
The Dirac equation for fermionic massive spin-1/2 particles moving in an attractive scalar potential S(r) and a repulsive vector potential V (r) can be written as [35] cα · p + β mc
where E is the relativistic energy of the system, p = −ih∇ is the momentum operator, and α and β are 4 × 4 Dirac matrices
where I denotes the 2 × 2 identity matrix and σ are three-vector Pauli spin matrices. For a spherical symmetrical nuclei, the total angular momentum operator of the nuclei J and spin-orbit matrix operator K = −β (σ · L + I) commute with the Dirac Hamiltonian, where L is the orbital angular momentum operator. The spinor wavefunctions can be classified according to the radial quantum number n and the spin-orbit quantum number κ and can be written using the Pauli-Dirac representation:
where F nκ (r) and G nκ (r) are the radial wave functions of the upper-and lower-spinor components, respectively, Y l jmκ ( r) and Y e l jm(−κ) ( r) denote the spin spherical harmonic functions coupled to the total angular momentum j and it's projection m on the z axis and l(l + 1) = κ (κ + 1) and l( l + 1) = κ (κ − 1). The quantum number κ is related to the quantum numbers for spin symmetry l and pseudospin symmetry l as
, aligned spin (κ < 0) ,
and the quasi-degenerate doublet structure can be expressed in terms of a pseudospin angular momentum s = 1/2 and pseudo-orbital angular momentum l which is defined as
where κ = ±1, ±2, · · · . For example, (3s 1/2 , 2d 3/2 ) and (3 p 1/2 , 2 p 3/2 ) can be considered as pseudospin doublets.
Substituting Eq. (15) into Eq. (13), we obtain two radial coupled Dirac equations for the spinor components
where ∆(r) = V (r) − S(r) and Σ(r) = V (r) + S(r) are the difference and sum potentials, respectively. By eliminating G nκ (r) in Eq. (18a) and F nκ (r) in Eq. (18b), one is able to obtain two second-order differential equations for the upper-and lower-spinor components as follows:
where U − (r) = mc 2 + E nκ − ∆(r) and U + (r) = mc 2 − E nκ + Σ(r), are the difference and the sum functions, respectively. From the above equations, the energy eigenvalues depend on the quantum numbers n and κ, and also the pseudo-orbital angular quantum number l according to κ(κ − 1) = l( l + 1), which implies that j = l ± 1/2 are degenerate for l = 0.
The above non-linear radial wave equations having very complicated solutions are required to satisfy the necessary boundary conditions F nκ (0) = G nκ (0) and F nκ (∞) = G nκ (∞) for bound state solutions.
In this context, we take the sum potential in the form of an attractive generalized WS potential, i.e., Σ(r) = V GW S (r) [36] . The interaction among nuclei is commonly described by using a potential which consists of the Coulomb and the nuclear potentials. It is usually taken in the form of WS potential. Here we take the following Hermitian real-valued generalized WS potential which is specified by the shape (deformation) parameter, q, [13, 22, 37 ]
where r ∈ (0, ∞) or x ∈ (−1, ∞) refers to the center-of-mass distance between the projectile and the target nuclei. The relevant parameters of the inter-nuclear potential are given as
is to define the confinement barrier position value of the corresponding spherical nucleus or the range of the potential well, A 0 is the atomic mass number of target nucleus, r 0 is the radius parameter, the parameter V 0 is the potential depth, a is the surface thickness and has to control it's slope, which is usually adjusted to the experimental values of ionization energies. Note further, q is a real shape (deformation) parameter, the strength of the exponential part other than unity, set to determine the shape of potential and is arbitrarily taken to be a real constant within the potential. In addition, it should be noted that the spatial coordinates in the potential are not deformed and thus the potential still remains spherical.
It is worth noting that under radial coordinate transformation, r → r + ∆, then the generalized WS potential in Eq. (20) changes into the standard WS potential (when q is taken equal to 1 in the calculation) but with the displacement parameter ∆ satisfies the expression exp(∆/a) = q and with a field strength V ′ 0 = V 0 exp(−∆/a) [13, 22] . The sense of generalization or deformation of the potential becomes clear. For completeness, it could be stated that if ∆ is positive (corresponding to q > 1) then one may need to impose the condition on the choice of ∆, that is, |∆| ≪ R 0 .
Obviously, for some specific q values this potential reduces to the well-known types, such as for q = 0 to the exponential potential and for q = −1 and a = δ −1 to the generalized Hulthén potential (cf. [11, 13, 22] and the references therein). Obviously, the solutions in Ref. [22] are at best valid for R 0 = 0, in which the potential can be expanded in terms of hyperbolic functions [19, 22] . The standard WS potential turns to become the well-known Rosen-Morse potential shifted by the term −V 0 /2 (cf. Ref. [22] and the references therein),
A. Spin symmetric solution
In the case of exact spin symmetry S(r) ∼ V (r) (d∆(r)/dr = 0, i.e., ∆(r) = A = constant), Eq. (19a) can be approximately written as
where κ (κ + 1) = l (l + 1) , κ = l for κ < 0 and κ = − (l + 1) for κ > 0. The spin symmetric energy eigenvalues depend on n and κ, i.e., E nκ = E(n, κ (κ + 1)). For l = 0, the states with j = l ± 1/2 are degenerate. This is the exact spin symmetry. Taking the Σ(r) = 2V (r) → V GW S (r) as mentioned in Ref. [36] enables one to reduce the resulting relativistic solutions into their non-relativistic limit under appropriate transformations. We are set out to obtain bound state solutions (relativistic energy spectrum and upper-and lower spinor wavefunctions) of a spin-zero particle for a four parameter {V 0 , q, a, R 0 } generalized WS potential by means of the NU method. Moreover, if κ is not too large, the case of the vibrations of small amplitude about the minimum, we can then use the approximate expansion of the centrifugal potential near the minimum point r = R 0 (x = 0) as [38] κ (κ + 1)
and higher order terms are neglected. It is worth noting that for κ = 0 case, we have to use an approximation for the centrifugal term similar to the non-relativistic cases which is valid only for q = 1 value [6, 38] . However, for s-waves, we remark that the problem can be solved exactly and the solution is valid for any deformation parameter q.
We define the following new dimensionless parameter, z(x) = −e −αx ∈ [−e R 0 /a , 0], which maintains the finiteness of the transformed wave functions on the boundary conditions.
Thus, using Eqs. (22) and (23) , we can reduce Eq. (21) to generalized equation of the hypergeometric type for the upper-spinor component F nκ (r),
where F nκ (r) = F nκ (z) and we introduce the definitions
with ω = κ(κ + 1) where κ = ±1, ±2, · · · , for bound states (i.e., real ε nκ ). Before we can proceed, it is necessary to compare the last equation with Eq. (1) to obtain the following polynomials:
We follow Appendix A to calculate the specific values of the parametric constants and then display them in Table 1 for the present potential model. Also, with the aid of Table 1 , the key polynomials given in Appendix A take the following particular analytic forms:
where τ ′ (z) = −q (2 + 2ε nκ + ξ) < 0 with ξ = 1 +
We insert the values of the constants given in Table 1 into the energy equation cited in Appendix A and then obtain
where κ = ±1, ±2, · · · . Hence, the above equation gives explicitly the energy equation with exact spin symmetry for arbitrary spin-orbit coupling quantum κ of the Dirac equation as follows
The energy level E nκ is determined by energy equation (31), which is a rather complicated transcendental equation. Now, let us consider a few special cases of much concern. (i) If we choose q = 1, the potential (20) turns to the shifted WS potential:
and then it's energy spectra yield
(ii) If we choose q = −1, the potential (20) turns to the standard shifted Hulthén potential:
and then the resulting energy eigenvalues become
(iii) If we choose q → 0, the potential (20) turns to the exponential potential:
the eigenvalues expression (31) does not give an explicit form, i.e., the NU method is not applicable to the exponential potential (36) . Note that for this potential there is no explicit form of the energy expression of bound states for Schrödinger [9] , KG [12] and also Dirac [8] equations.
In addition, for the s-wave (κ = −1) and V (r) = S(r) (i.e., A = 0), we obtain
and it can be seen easily that while the field strength V 0 → 0, the energy states yield:
for particles and anti-particles. Note that in the above equation there exist bound states for the ground and excited states (n = 0, 1) which are E 0 = ± √ 3mc 2 /2 and E 1 = 0, respectively, for positive q values and a = λ c , where λ c =h/mc denotes the Compton wavelength of the Dirac particle. Otherwise, there are no bound states for n ≥ 2 states.
On the other hand, for the same value of α and negative q values when V 0 → 0, all energy eigenvalues go to zero. If the value of q is increasing, all positive bound states go to zero, from (38) , asymptotically.
An inspection of the energy expression given by Eq. (37), for any given α, shows that we deal with a family of generalized WS potentials. The sign of V 0 does not effect the bound states. The spectrum consists of complex eigenvalues depending on q. As we shall see the role played by the range parameter α is very crucial in this regard. Of course, it is clear that by imposing appropriate changes in the parameters {α, V 0 , q} , the energy spectrum in Eq. (37) for any modified parameter can be also calculated by resolving Dirac equation for every parameter change.
The upper-spinor wave functions for F nκ (r) will be presented. In order to establish F nκ (r), use will be made of Appendix A and Table 1 . Hence, the first part of wave functions reads:
In addition, to find the function, y n (z), which is the polynomial solution of hypergeometrictype equation, we firstly calculate the weight function:
and thus the second part of wave functions (7) can be obtained as
where D n is a normalization constant. In the limit q → 1, the polynomial solutions of y n (z) are expressed in terms of Jacobi Polynomials, which is one of the classical orthogonal polynomials, with weight function given by Eq. (40) for z ∈ [0, 1], giving y n (z) ≃ P (2εnκ,ξ) n (1− 2z), 2ε nκ , ξ > −1 [39] . Thus the associated uppercomponent F nκ (z) for arbitrary the spinorbit coupling quantum number κ can be obtained by substituting Eqs. (39) and (41) into Eq. (2) as
where z(r) = −e −(r−R 0 )/a and N nκ are normalization constants calculated in Appendix B.
Before presenting the corresponding lower-component G nκ (r), let us recall a recurrence relation of hypergeometric function, which is used to solve Eq. (18a) and present the corre-
with which the corresponding lower component G nκ (r) can be given by solving Eq. (18a) as follows
Here, it should be noted that the hypergeometric series 2 F 1 −n, 1 + 2ε nκ + ξ + n; 2ε nκ + 1; −qe
does not terminate for n = 0 and thus does not diverge for all values of real parameters ξ and ε nκ .
For A > mc 2 + E nκ and E nκ < mc 2 or A < mc 2 + E nκ and E nκ > mc 2 , we note that parameters given in Eq. (25a) turn to be imaginary, i.e., ε 2 nκ < 0 in the s-state (κ = −1). As a result, the condition of existing bound states are ε nκ > 0 and ξ > 0, that is to say, in the case of A > mc 2 + E nκ and E nκ < mc 2 , bound-states do not exist for some quantum number κ such as the s-state (κ = −1). Of course, if these conditions are satisfied for existing bound-states, the energy equation and wave functions are the same as these given in Eq.
(31) and Eqs. (42)- (44).
B. Pseudospin symmetric solution
Under the condition of the pseudospin symmetry S(r) ∼ −V (r) (i.e., dΣ(r)/dr = 0, or Σ(r) = A ′ = constant), Eq. (19b) can be exactly written as
where ω = κ (κ − 1) = l( l + 1), the energy eigenvalues E nκ depend only on n and l, i.e., E nκ = E(n, l( l + 1)). Taking the ∆(r) = V GW S (r) allows us to reduce our results to the non-relativistic limit. For l = 0, the states with j = l ± 1/2 are degenerate. This is the exact pseudospin symmetry. We follow the procedures in the previous subsection to obtain Dirac equation satisfying G nκ (r),
where G nκ (r) = G nκ (z) and we have used the definitions
To avoid repetition in the solution of Eq. (46), a first inspection for the relationship between the present set of parameters ( ε nκ , β 1 , β 2 ) and the previous set (ε nκ , β 1 , β 2 ) tells us that the negative energy solution for pseudospin symmetry, where S(r) ∼ −V (r), can be obtained directly from those of the positive energy solution above for spin symmetry using the following parameter mapping [39] [40] [41] :
Following the previous results with the above transformations, we finally arrive at the energy equation. The relativistic transcendental energy equation is
and the lower-spinor wave functions
2 F 1 −n, 1 + 2 ε nκ + ξ + n; 2 ε nκ + 1; qz ,
with ξ = 1 + 4e ωa 2 q 2 R 2 0 D 2 and ε nκ is defined in Eq. (47a).
IV. DISCUSSIONS
Now, let us study three special cases. We first study the s( s)-states (l = l = 0, i.e., κ = ∓1 ). In this case, we have the spin-orbit coupling term κ(κ + 1)/r 2 = 0, and also the corresponding approximation to it in Eq. (22) . The corresponding energy equation reduces to the s-states (κ = −1), i.e.,
and the upper-spinor component of the wave functions:
where N n is calculated in Appendix B. As mentioned above, in the s-wave (κ = −1) the condition of existing bound-states is for A < mc 2 +E n(−1) and E n(−1) < mc 2 . Furthermore, in the nonrelativistic limit with the mapping mc 2 − E n(−1) → −E n0 and
2 , then we have
Second, we study the special case ∆(r) = A = 0. If so we have V (r) = S(r) = 1/2Σ(r)
and it turns to the KG solution. Obviously, in this case the energy equation given in Eq.
(31) reduces to the energy equation of arbitrary κ state Dirac equation for equal scalar and vector WS potential as follows
and the upper component of the wave functions
D 0 is the essential condition for existing bound-states.
Third, the non-relativistic energy state limit for arbitrary l state are
The above result is identical to Eq. (23) in Ref. [22] where Berkdemir et al. used the usual approximation to the centrifugal term in the potential expression (10) (cf. [42] and Eq. (2) in J. Math. Chem. 42, 461 (2007) ).
It is worthy to note that in the calculations of Ref. [22] , R 0 was neglected. Accordingly, the solutions of the energy spectra Eq. (23) The additional potential besides the standard Ws potential considered by Berkdemir et al.
[22] provides the flexibility to construct the surface structure of the related nucleus [42] .
Thus, the non-relativistic solutions obtained in [22] are only reasonable for the hyperbolic [43] exponential (RM) potential [32] , not WS potential. This clear when we rewrite Eq. (20) in the following form
when R 0 = 0, it implies that q = 1 and then the above potential reduces to the standard WStype potential. In addition, the authors of Ref. [22] approximated the centrifugal potential
2 [13, 43] , where C = l(l + 1)α 2 [20] . However, in the present work, Eq. (58) contains the width of the potential R 0 . Also, an expansion for the centrifugal potential term has been performed around the point r ≈ R 0 (x = 0) [38] , and without loss of generality we put x ≡ (r − R 0 ) /R 0 at the end of our calculations. 
where It should be noted that the numerical calculation for energy levels involved in Eq. (51) is terribly sensitive to the choice of those parameters. In Table 2 , we choose E At the end, the solutions that constitute the main results regarding the energy equations (31) and (49) for the spin and pseudospin symmetry, respectively, may have some interesting applications in many areas in physics. For example, the work is helpful to understand spectroscopy with high field physics and useful to understand the nuclear properties like nuclear scattering systems [45] . In addition, the present results play an essential role in microscopic physics, since it can be used to describe the interaction of a nucleon with a heavy nucleus [21, 22] . In the non-relativistic limits, the energy eigenvalues, Eq. (58), is physical and is in good agreement with the results obtained previously by other methods and works [22] . (1 − 2s) = (α + 1) n n! 2 F 1 (−n, 1 + α + β + n; α + 1; s) ,
and N n is a normalization constants. Also, the above wave functions can be expressed in terms of the hypergeometric function as In order to find the normalization constants N nκ , we start by writting the normalization condition:
where q = 1. Unfortunately, there is no formula available to calculate this key integration.
Neveretheless, we can find the explicit normalization constant N nκ . For this purpose, it is not difficult to obtain the results of the above integral by using the following formulas [46, 47] 
where C nκ = 3 F 2 (2ε nκ + m, −n, n + 1 + ξ + 2ε nκ ; m + 2ε nκ + ξ + 2; 1 + 2ε nκ ; 1) ,
Furthermore, the normalization constants for the s-wave can be also found as 
where C n = 3 F 2 (2ε n + m, −n, n + 2ε n + 2; m + 2ε n + 3; 1 + 2ε n ; 1) ,
and ε n is given in Eq. (53). 
